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1. INTRODUCTION AND PRELIMINARIES 
In this paper we characterize finite dimensional almost periodic minimal 
sets (defined in Section 3); this is accomplished by regarding them as certain 
topological groups and then characterizing these groups. Once this has been 
accomplished the cohomology of such a minimal set can be computed well 
enough to state various conditions under which it must be a torus. These 
results generalize those of [lo]. 
In Section 2 we establish the results we need about topological groups and 
their cohomology. In Section 3 these results are applied to dynamical systems. 
In Section 4 we give some examples indicating that certain results of Section 
3 cannot be improved. 
Throughout this paper, all spaces considered will be separable metric. By the 
dimension of a space we shall mean the covering dimension [7; p. 891, which 
for separable metric spaces is the same as inductive dimension [4]. 
The term n-manifold will mean a (separable metric) space every point of 
which has a neighborhood homeomorphic to Euclidean n-space Rn and the 
terms manifold-with-boundary and submanifold have their usual meanings. 
Where we consider differentiable manifolds, smooth means at least Cl. For 
detailed development of these notions and for a treatment of smooth flows 
we cite [5]. 
Suppose X is a manifold. We call X regular (by analogy with a regular 
topological space) if given any compact set A in X and a neighborhood U of A, 
there is a compact submanifold-with-boundary Y which is a neighborhood of 
A and lies in U. Whether every topological manifold is regular we do not 
know; one can show every smooth manifold and every piecewise linear 
manifold is regular. 
In several results we use a simple result from algebra which, for convenience, 
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we state in this section. Let Q denote the additive group of rational numbers. 
Suppose B is a subgroup of Q; either B is generated by one element or it is 
infinitely generated in which case every element of B is divisible in B by 
arbitrarily large integers. Using this fact it is easy to prove the following. 
ALGEBRAIC LEMMA. Let A ---f B + C be an exact sequence of Abelian 
groups where A is$nitely generated, B is a subgroup of Q and C is the direct sum 
of a free group and a finitely generated group. Then B is Jinitely generated (and 
hence isomorphic either to Z or to 0). 
2. SOLENOIDS 
We emphasize that all topological groups considered in this section are assumed 
separable metric. 
By an n-solenoid we mean a topological group which is topologically 
isomorphic tothe limit of an inverse system: G, c G, c Gs c *.. where 
each Gi is an n-torus (the n-fold product of circle groups) and each map is an 
onto continuous homomorphism. 
In this context, he “n” indicates dimension, that is, as a topological space, 
an n-solenoid has dimension n. This will be proved following Theorem 2.2. 
The main result ofSection 2, although perhaps well known, does not seem 
to be stated explicitly in the literature. 
THEOREM 2.1. A compact connected Abelian group G of dimension n is an 
n-solenoid and conversely. 
Proof. By Theorem 68 in [7, p. 831, the group G is isomorphic tothe 
inverse limit of Lie groups Gi fi G, 2 Gs 3 *.. where each fi is an 
onto homomorphism. Each Gi , being the image of G under the natural 
projection & ,is compact, connected and Abelian. Also, as noted in [7, p. 3351, 
dim Gi < dim G. Thus each Gi is a torus of dimension < n. If Ni denotes 
the kernel of & , then the Ni form a decreasing sequence of closed subgroups 
of G intersecting in the identity. From Proposition B in [7, p. 3341, it follows 
that, for isufficiently large, dim Gi 3 dim G. 
Thus, discarding a finite number of Gi’s if necessary, we obtain G as the 
inverse limit of n-tori as required. 
To prove the converse we need only show that an n-solenoid has dimension 
n and, as noted above, this will be done following Theorem 2.2. 
For the applications i  Section 3 we need to know something about the 
cohomology of the underlying space of the groups characterized in 
Theorem 2.1. We use Alexander-Spanier cohomology with integral coeffi- 
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cients, denoted H*( ). This theory is presented in detail in [9, p. 3061. 
(For all spaces under consideration here, this cohomology agrees with Cech 
cohomology and, for manifolds, the theory agrees with singular cohomology.) 
THEOREM 2.2. Let G be a compact connected Abelian topological group of 
dimension n. Either G is an n-torus or else H”(G) is (isomorphic to) an in$nitely 
generated subgroup of Q (the additive rationals). 
Proof. Let Gi 2 G, fl Gs +- ... be a representation of G as an 
n-solenoid of dimension n and, for each i, fix an isomorphism ofGi with the 
product S x ... x S. Regarding this as the quotient ofR” by the action of Zn, 
each fi can be represented in a canonical way by an n x n matrix Ai with 
integer coefficients a d fi is an isomorphism ifand only if det Ai = + 1. 
The product structure on Gi yields “natural” generators ali,..., OL,~ for 
H1(Gi) (the duals of the “natural” generators for H,(G,)) and then the cup 
product ari u ... u 01 ni, denoted yi, generates Hn(Gi). Using this representa- 
tion of yi and the matrix representation of fi, a straightforward computation 
shows that the induced homomorphism fi*: H”(G,) ---f Hn(Gi+J is simply 
given by: fi*(yi) = aiyi+l where ai = det Ai . 
By the continuity property of Alexander-Spanier cohomology, H”(G) is the 
direct limit of the sequence 
H”(G,) 3 H”(G,) rz”, H@(G,) --+ ..’ 
which in our representation becomes Z + Z---f Z -+ ... where the i-th map 
is multiplication by ai. It is easily seen that he direct limit of this ystem is 
isomorphic toQ({a,}), the subgroup of Q consisting of all rationals which can 
be written with denominator a finite product of the ai’s. 
Now to prove the theorem we consider two cases. If infinitely many 
ai # &l, then Q({ai}) is clearly infinitely generated (and G is not a torus). 
If all but finitely many ui are equal to &l, then all but finitely many fi are 
isomorphisms and the inverse limit G is itself a torus. 
Returning to one piece of unfinished business we will now show that an 
n-solenoid, G, has dimension n. In the inverse limit representation for G the 
kernels of the natural projections of G onto the G,‘s form a decreasing 
sequence of subgroups intersecting in the identity ofG. Then, once again by 
Proposition B in [7, p. 3341, we have dim Gi 3 dim G for i sufficiently 
large; thus dim G < n. On the other hand we have shown in Theorem 2.2 
that H”(G) is not zero, and by Theorem VIII 4 in [4, p. 1521, it follows that 
the dimension ofG cannot be less than n. 
As an application of Theorem 2.2 we have the following generalization of a 
result ofAbe and Kodaira, proved in [I] for M = Rn. 
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COROLLARY 2.3. Let M be a regular orientable n-manifold and X a k-dimen- 
sional compact connected Abelian topological group embedded in M. If k = n 
or n - 1 then X is a torus. 
Proof. Choose a compact n-dimensional submanifold N, with boundary 
aN, of M which is a neighborhood fX, note that N is orientable andX lies 
in its interior. Consider the double (ZN, 2X) of the pair (N, X); the relative 
Mayer-Vietoris sequence of the obvious decomposition of (2N, 2X) yields an 
exact sequence: 
ff+‘(aN) - H”(2N, 2X) --t H”(N, X) @ H”(N, X) -+ 0. 
Now EP-l(aN) is finitely generated and by Alexander duality EP(2N, 2X) 
is isomorphic tothe singular homology group H,,(2N - 2X) and hence is 
free. It follows that Hn(N, X) is, at worst, the direct sum of a free group and 
a finitely generated group. 
Therefore in the exact sequence for the pair (N, X) we have P-l(N) + 
P-i(X) -+ H”(N, X) where the group on the left is finitely generated and 
the group on the right is as described above. By the Algebraic Lemma of the 
introduction andTheorem 2.2, X must be an (n - I)-torus. 
If the dimension fX is n, a similar gument may be employed or one can 
use the following local argument. By Theorem 69 in [7, p. 3351, an n-solenoid 
is locally homeomorphic to the product of an n-cell and a O-dimensional 
group. For such a product o lie in an n-manifold, the O-dimensional group 
must be finite. It follows that X is a manifold and therefore a torus. 
In the examples of Section 4 we shall use as a starting point a specific 
l-solenoid, the diadic solenoid ofVan Dantzig denoted Z. This is given by the 
sequence 9 c 9 +-- 9 +- ..., where each homomorphism sends z to ,z2 
which in the linear representation would be multiplication by 2. The corre- 
sponding homomorphisms H1(S1) + P(9) -+ 1.. are simply multiplication 
by 2 and EP(Z) is the group of diadic rationals. A  another illustration of the 
ideas in the proof of Theorem 2.2, suppose we consider the product of n copies 
of Z and m copies of S1. This will be an (n + m)-solenoid. In the inverse limit 
representation each (n + m)-torus would be mapped onto the preceding by
the homomorphism whose matrix has n 2’s and m l’s down the diagonal nd 0 
elsewhere, and the (n + m) cohomology group would be the subgroup of Q 
consisting of all rationals which can be written with denominator a power 
of 2”. 
We mention in passing that one interesting problem might be to classify 
n-solenoids on the basis of the string of matrices given by the inverse limit 
representation. 
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3. ALMOST PERIODIC MINIMAL SETS 
We begin by recalling some of the relevant otions concerning dynamical 
systems. For more background cf. [5,6, and 81. 
Ajow on a topological space X is a continuous map f : X x R + X, where 
R is the set of real numbers, satisfying theconditions f(~, 0) = x for all 
x E R andf(x, s + t) =f(f(~, s), t) f or all xE X, s, tE R. It is convenient to
regard aflow as a one parameter family (ft 1 t E R} of homeomorphisms of X, 
wheref,(x) = f(~, t). 
If X is a smooth (i.e., atleast Cl) manifold and f: X x R -+ X is smooth 
then the flow will be called smooth; in this case, each ft is a diffeomorphism. 
Such flows arise from the integral curves of vector fields on manifolds, [5]. 
Let {ft} be a flow on X. The orbit of x E X, denoted O(x), is the set 
(ft(zc) 1 t ER} . A subset A of X is inoariant if A contains the orbit of each of its 
points and minimal if it is invariant and contains oproper closed invariant 
set. Clearly, then, aclosed subset of X is minimal if and only if the orbit of 
each point of X is dense in X. 
One way in which minimal sets arise involves the notion of almost 
periodicity. Suppose d is a specific metric for X and {ft} is a flow on X. A 
point x of X is almost periodic, hereafter abbreviated a.p., provided that 
given any E > 0 there is a relatively dense subset P of R such that for all 
t E R and 7 E P we have d(f,(x),ft+7(x)) < E. (To say that P is relatively dense 
means that for some number L, every interval inR of length at least L contains 
some element of P.) A theorem due to Birkhoff [6, p. 3771 says that if X is 
complete and x E X is a.p., then the closure A of the orbit of x is a compact 
minimal set. Moreover it can be shown [6, p. 3881 that every point of A must 
be almost periodic. 
For the rest of this paper we shall consider a flow ft on some ambient space 
X which, in addition to any other hypotheses, isequipped with a fixed 
metric. The term a.p. minimal set will mean a compact minimal set of X every 
point of which is a.p. with respect tothis metric. 
Our first task is to characterize finite dimensional a.p. minimal sets. In[lo] 
it was shown that a one-dimensional a.p. minimal set is a solenoid; the 
argument given there involved a lengthy geometrical construction. Although 
not as illuminating, the complete characterization for arbitrary dimension 
given below simply amounts to viewing known results ina different context. 
THEOREM 3.1. An a.p. minimal set of dimension n is homeomorphic to
(the underlying space of) an n-solenoid. 
Proof. By a theorem of Nemytskii [6, p. 3941, an a.p. minimal set is 
homeomorphic to the underlying space of a compact, Hausdorff, Abelian 
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topological group. Since dimension is a topological invariant, he result now 
follows from Theorem 2.1. 
Remarks. Perhaps one reason why Nemytskii’s result has not been more 
widely used is that, esthetic onsiderations aside, it is not clear what benefit 
one obtains by putting a group structure on the minimal set. What we do 
in this paper is to use Theorem 2.2, which now tells us the top dimensional 
cohomology of the minimal set, to obtain a variety of conditions under which 
an a.p. minimal set must be a torus. 
Another thing worth noting is that the converse of Nemytskii’s result is 
true; the underlying space of a compact, connected, metric, Abelian topological 
group admits a flow relative to which it is minimal and such that every point 
is a.p. Consequently, the converse of Theorem 3.1 holds. 
Finally although Theorem 3.1 is sufficient for our purposes one could 
obtain a more detailed result by examining the flow and the group structure. 
Starting with the flow and a point x of the a.p. minimal set, the parametriza- 
tion x --f ft(x) defines a group structure on the orbit of X. Almost periodicity 
is used to extend this structure over the closure of the orbit which is the 
entire minimal set. The converse is proved by choosing a dense one-parameter 
subgroup, which carries a natural flow structure, and then extending the flow 
over the rest of the group. For example, the simplest generalized solenoid 
of dimension n is the n-torus Tn. Define a flow on T” as follows. First choose 
irrational numbers 0~~ ,..., OL, so that 1, (~a ,..., Al, are linearly independent 
over 2. Let {g,} be the linear flow on Rn whose velocity vector at each point 
is the vector with coordinates 1, 01~ ,..., (Y, . There is an induced flow {fJ on 
RnlZn = Tn. The uniform continuity of {g,} can be used to show that each 
point of T” is a.p. and a theorem in number theory [3, p. 3821 guarantees that 
each orbit is dense in Tn. 
In the remainder of this section we concentrate on finding conditions under 
which an a.p. minimal set must be as simple as possible, i.e., a torus. 
The simplest result along these lines is 
PROPOSITION 3.2. A jnite dimensional a.p. minimal set in X is a torus if 
and only if it is locally connected. 
Proof. A compact, connected, locally connected, Abelian group is a torus 
[7], hence the result follows from Theorem 3.1. 
Rephrasing Corollary 2.3 we obtain a criterion based on dimension. 
PROPOSITION 3.3. If the ambient space X is a regular orientable manifold of 
dimension n and if the a.p. minimal set A has dimension n or n - 1, then A is a 
torus. 
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If the dimension of the ambient space exceeds that of the minimal set by 
at least wo then further restrictions are needed to conclude that the minimal 
set is a torus. 
These restrictions have to do with the nature of the flow near the minimal 
set. We will begin by explaining the notion of an isolated invariant set. An 
invariant set A in X is isolated provided there is a neighborhood U of A such 
that if x lies in U - A, then the orbit of x meets the complement of U (in at 
least one time direction). If X is a smooth manifold and the flow is smooth 
(at least Cl) then a compact isolated invariant set has neighborhoods of a 
special type, called isolating blocks. There are several versions ofthis notion 
(see, e.g., [2 and 111). We shall use the Conley-Easton variation [2] which 
may briefly bedescribed asfollows. 
An isolating block in X for the compact invariant set A is a compact smooth 
submanifold-with-boundary, N, such that dim N = dim X = n, the 
interior fN contains A, and A is the largest invariant set contained inN. 
Moreover, the boundary of N is the union of two (n - I)-dimensional 
submanifolds n+ and n- with common boundary 7(possibly empty) such that 
the flow is transverse into N on n+ - T, transverse out of N on n- - 7 and 
externally tangent o N on 7. This last term means that if xE 7 then the flow 
is tangent o N at 7 and if 1 t / is sufficiently small and nonzero then fJx) 6 N. 
Thus, orbits enter N through n+, leave through n- and bounce off N along 7. 
Our next result concerns codimension 2 isolated a.p. minimal sets. 
THEOREM 3.3. Let X be an orientable smooth n-manifold and let A be an a.p. 
minimal set of a smooth flow on X. If A is isolated and has dimension n - 2, then 
A is a torus. 
Proof. In Section 5of [2] it is shown that A has an isolating block, and 
since A is connected we may choose aconnected isolating block N (connec- 
tivity makes it easier tovisualize what follows). Let a- denote the set of 
points in n- which are negatively asymptotic toA; since A is the maximal 
invariant set in N the set a- is simply the set of points x in n- such that 
f$(x) EN for all negative t.Then a- is a compact subset of n- - 7. (It is 
possible that a- is empty. However since N is connected it is easy to see that 
a- is empty if and only if n- is empty, i.e., all points of the boundary of N are 
entering N. In any case, the results stated below are valid.) Using the con- 
tinuity of flow time from the interior fN to its boundary (which is the 
principal virtue of isolating blocks) the following result was proved in 
110, Theorem 21: for every q > 1, there is an exact sequence: 
W(N) + W(A) --f W’+l(n-, a-) 
ALMOST PERIODIC MINIMAL SETS 165 
where these are the Alexander-Spanier cohomology groups with coefficients 
in 2. 
Applying this result with q = n - 2 = dim A, we have an exact sequence: 
W-2(N) + N@yA) - H”-yn-, a-). 
Since N is compact, the group on the left is finitely generated. As for the 
group on the right, n- is a compact, orientable, (n - I)-manifold with 
(possibly empty) b oundary 7 and a- is a compact set in n- - 7. Exactly the 
same argument as we used in Corollary 2.3 shows that Hn-l(n-, u-) is the 
direct sum of a free group and a finitely generated group. Using this data we 
may apply the Algebraic Lemma and conclude that H”-2(A) is finitely 
generated. Therefore by Theorems 3.1 and 2.2, A must be an (n - 2)-torus 
and the proof of Theorem 3.3 is complete. 
We remark that one can prove a topological version of Theorem 3.3 which 
we now sketch. Given a continuous flow on a manifold, suppose A is an 
isolated invariant set and, moreover, suppose that A has a topological isolating 
block; this would be a submanifold whose boundary splits a before into 
topological submanifolds n+ and 12. with common boundary 7. Points enter, 
leave or bounce off the boundary along the sets 1z+, n- and 7 just as before. 
In this case the results of[lo] give the crucial exact sequence and A must be 
a torus. 
As we will show with examples in Section 4 an isolated invariant a.p. 
minimal set of a (continuous) flow on a manifold need not be a torus if the 
codimension fA is greater than or equal to 3. However, regardless of the 
codimension, there is a fairly common situation which forces an a.p. minimal 
set to be a torus. 
Suppose {ft} is a continuous flow on a space X. A compact invariant set A
will be called a strong attractor if it has a neighborhood U such that 
n {ft( U) / t > 0} = A. Clearly a strong attractor isisolated. Also if A is 
isolated and admits an isolating block (even atopological one) N which has the 
property that a- is empty, then A is astrong attractor. 
THEOREM 3.4. Let X be a regular manifold and let A be an u.p. minimal 
set which is a strong attractor. Then A is a torus. 
Proof. By regularity of X and the definition of strong attractor we can 
choose a compact submanifold-with-boundary iV of X which is a neigh- 
borhood of A such that n {f,(N) 1t > 0} = A. A simple compactness 
argument shows that we may choose times t, < t, < t, < ... + + co such 
that if i < i then for all xE N and t > tj , ft(x) E f$V); put another way, 
this ays that he t,‘s have been chosen so that he sets f,<(N) form a decreasing 
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sequence whose intersection isA and moreover the positive orbit of any 
term of the sequence lies entirely inside the preceding term. 
To ease notation somewhat, let f,i(N) be denoted Ni and let us write Ni* 
rather than H*(NJ with a similar notation for induced homomorphisms. 
Let ni denote the inclusion of Ni into N,-i . Then A* is isomorphic tothe 
direct limit of the system [9, p. 3181 
N,* 2 N,* s N3* - . . . 
and we are going to show that his limit is finitely generated (for all values of *). 
Unfortunately the ni* need not be isomorphisms because the orbits ofpoints 
in N, may wander out of Ni before reaching Ni+, . It is this difficulty which 
makes necessary the careful choice of the t,‘s and the rather complicated proof 
which follows. 
For any i and j the mapfii given by x +jft,+(x) is ahomeomorphism of Ni 
onto Ni . Moreover for any i, j and k one has fjkfii = fik and fii s the identity 
map of Ni . 
Define maps q: Ni* -+ Nr* (i = 2,3,...) by ~ya = (f $)-$*f 2, a3 = 
(f a-%*f & 9 etc., to obtain the following commutative diagram: 
N,* 2 N,* -% N3* - . . . 
(*I t fL t f2”1 t rs”, 
Nl* 
aaN,* et?.+ N,* - . . . 
For j < i, let mii denote the inclusion fNi into Ni; thus, mij is the 
composition nj ,.. , nipI _ If k < j < i, then, because of the way the ti’s 
were chosen to begin with, the maps mjkfij and mik are isotopic asmaps of 
Ni into Nk . Thus if k < j < i we have: f Grnz = m& . Since f z = f A(fj*1)-l 
this equation can be rewritten (f $)-‘rnz = (f A)-lrng . From this it imme- 
diately follows that, for k < j < i, the compositions cyj,..., elk and oli ,#.., o(~ 
are equal. Using this fact, let us examine the bottom row of diagram (*). 
Letting G = N,* we have G % G % G --f ... and the above composi- 
tion property holds for the 01~ .Al so, since N was a compact manifold, G is a 
finitely generated Abelian group. Now one consequence ofthe composition 
property is that c+(G) C aa C 01q(G) C ...; hence there xists some n such 
that for m 3 n, or,(G) = a,(G). Call this terminal subgroup H. Another 
consequence ofthe composition property is that if n < m then 01,, is the 
identity onan(G) = H. Using these facts it is an easy matter to show that 
the direct limit of G 3 G + ... is isomorphic toH and hence is finitely 
generated. Since the vertical rrows in diagram (*) were isomorphisms, the
direct limit of N,* x N,* -+ ... is finitely generated. 
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Thus we have shown that our strong attractor has finitely generated 
cohomology in every dimension and, in particular, by Theorem 2.2 it must 
be a torus. 
Remark. As pointed out by the referee, the proof is much simpler if the 
manifold and flow are smooth. By [2] or [Ill, we may take N to be a smooth 
isolating block for A. Since n {f,(N) 1 t > 0} = A, no point of N - A is 
negatively asymptotic to A, i.e., the negative half orbit of every point in 
N - A meets n+. A simple argument hen shows that either n- is empty or 
else N is disconnected and the component of N which contains A is a block 
whose n- is empty. In either case, we have an isolating block, again denoted N, 
with 8N = n+. We then let Ni =fJN) (i = 0, 1,2,...); the Ni form a 
decreasing sequence and, in this case, the inclusions Ni C Ni (i > j) induce 
isomorphisms incohomology (see [lo, Theorem 21). Therefore H*(A) is 
isomorphic toH*(N) which is finitely generated. 
4. EXAMPLES 
In this ection we describe the examples mentioned after Theorem 3.3. 
For each m > 3 there is a flow on S” having an (m - 2)-dimensional a.p. 
minimal set which is not a torus and there is a flow on Sm+l having an 
(m - 2)-dimensional isolated a.p. minimal set which is not a torus. The 
minimal set will be Z crossed with suitably many copies of s1 where Z is the 
diadic solenoid. 
To begin with, we describe a canonical f ow on Z with respect towhich Z 
is a.p. minimal. Recall that I= is the inverse limit of 9 c S1 c S +- ... 
where each bonding map sends 2to z 2. Thus a point of Z may be represented 
as a sequence (z,, z1 , za ,...) of points in S1 where ziUl = (zi)$. For any 
real number t, let rt denote counterclockwise rotation fS through tradians; 
Ye = at+. Our canonical f ow on Zis given byf,(z, x1 ,...) = (w,, wi ,...) 
where wi = r(,,ar)(zJ, i = 0, 1, 2 ,... One easily checks that C is an a.p. 
minimal set. 
We can also describe this flow in another way. Let K be the Cantor ternary 
set in [0, l] x (0) C R2. This can be obtained as the intersection of compact 
sets KO, Ki , K, ,... where K, is a closed isk centered at (l/2,0), Ki is the 
union of two disjoint closed isks centered at (l/4,0) and (3/4,0) and lying 
in the interior fK,, , and so on. The sets K, , Kr and K, are pictured in 
Figure 1. The configuration of these sets is symmetric around the line x = l/2 
and, in general, ifD is any disk component of some Ki then the configuration 
inside D is symmetric around the vertical line through the center of D. 
Let D,, = K,, and, for i 3 1, let Di be the left hand disk in Ki , as indicated in
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Fig. 1; let pi denote the center of Di and let Di' be a disk with center pi and 
radius slightly smaller than that of Di . 
Define a map r: D, + D, as follows. Let r0 be a homeomorphism of D, 
which is the identity on the boundary of D, and which rotates D,,' counter- 
clockwise through Z- radians around pa . Thus r will carry Ki onto Ki for all i. 
For i 3 1, let ri: D, + D, be a homeomorphism which is the identity on 
the complement of the interior of Di and which rotates Di' counterclockwise r
radians around pi . 
FIGURE 1 
One easily verifies that the infinite left composition lim(r, ..., rir,,) isa 
homeomorphism of D, , which we denote r. 
We now suspend the map Y to obtain a flow on the mapping torus of r 
(see [8, p. 7971). That is, form the cylinder D,, x R and mod out by the 
relation (p, t) N (r”(p), t + n). Th is g ives the mapping cylinder ofr which, 
since ris orientation preserving, is homeomorphic to the standard solid torus 
T,-, = D, x 9. The flow on Do x R defined by gs(p, t) = (p, t + s) 
induces a flow {ft} on the mapping torus. 
In this construction each Ki suspends toa copy Ti of a solid torus moothly 
embedded in Ti_, and wrapping twice around Ti and the Cantor set K 
suspends to a copy of .Z, the diadic solenoid, which is the intersection of the 
Ti's. Moreover the Ti's are invariant, and the restriction of (ft} to 2 is the 
canonical f ow on Z described by inverse limits atthe start of this ection. 
Regarding To as a submanifold ofS3 extend {ft} over S3 - T,, in any 
convenient way, denoting the extended flow again by (ft}. 
Thus we have obtained a continuous flow on Sa having .Z as a l-dimensional 
a.p. minimal set. Of course 2 is far from being isolated. 
To get Z (with the canonical f ow) isolated in a4-manifold requires a little 
more work. For each n > 3, regard Sn+l as the suspension of P; thus Snfl is 
ALMOST PERIODIC MINIMAL SETS 169 
Sn x [- 1, l] with Sn x {-I} and Sn x (1) pinched to points (the north and 
south poles of S”+i) and we identify Sn with the equator S” x (0) of S”+i. 
To carry out our construction we need one more definition. Given a flow 
{ft} on Sn and a compact invariant set A, an invariant characteristic function 
for A is a continuous function d: S” -+ R such that d(x) > 0 for all x in P, 
d(x) = 0 if and only if x is in A, and d(x) = d(f,(x)) for all x and t. We 
remark that compact sets which admit invariant characteristic fun tions are 
not isolated, fora compactness argument shows that he sets {x 1 d(x) < l/n} 
form a system of invariant eighborhoods ofA whose intersection s A.
However these functions can be used to isolate A in the suspension fS”. 
LEMMA 4.1. Suppose that A is a closed invariant set of a flow {fJ on S” 
and that A admits an invariant characteristic function. Then there is a flow {h,} 
on Sn+l such that A x (0) is isolated and the restriction of {h,) to A x (0) is 
{fJ* 
Proof. Let W be the strip {(u, v) E R2 1 -1 < u < 1, v > 0} and let 
rr, n2 denote the projections to the u-axis and v-axis, respectively. Choose 
a flow (g,} on W with the following properties. 
(1) For all u, v, t, n2g,(u, v)= v. 
(2) If j u ] < 1 and v > 0, then 9g,(u, v) = &l as t -+ &co. 
(3) If -1 < u < 0, then z-rgt(u, 0) + 0(--l) as t + +a(---CO). 
(4) If 0 < u < 1, then n,g,(u, 0)+ l(0) as t + + co(- co). 
(5) If 1 u 1 = 1 or if (u, v) = (0, 0), then for all t, g,(u, v) = (u, v). 
Let d be an invariant characteristic fun tion for A and define {h,} on 
S” x [-I, l] by: h,(x, u) = (fJx), rlgt(u, d(x))). One easily verifies that h, 
is a continuous flow on Sn X [- 1, l] ( invariance ofd is used to verify that 
h - h,h,). Conditions (l)-(5) yield the following data: s+t - 
(a) If x is not in A and u # &I, then the second coordinate of h,(x, u) 
approaches f 1 as t approaches f co. 
(b) If x is in A and u > 0 (u < 0) then the second coordinate ofh,(u, v) 
approaches I( - 1) as t approaches + cc (-co). 
(c) If x is in A then h,(x, 0) = (ft(x), 0 . 
(d) The sets S” x {*I) are invariant under {h,}. 
There is a (well-defined) in uced flow, also denoted {h,), on the suspension 
Sn+l (the poles being fixed points) and conditions (a), (b), (c) imply that 
A x (0) is isolated and that (h,} is an extension f{ft} as required. 
Returning now to complete our first example, we note that if {fJ is the 
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flow constructed on S3 having .Z as an isolated a.p. minimal set then for every 
x in S3 - Z, the closure of the orbit of x misses Z. We define an invariant 
characteristic function as follows: for x in T,, - 2, let d(x) be the distance 
from the closure ofthe orbit of x to Z. From the definition of the homeomor- 
phism r and its uspension to ft on T,, , one easily verifies that d is continuous 
and invariant on T,, . Also d has constant value, say d, , on the boundary of 
T,, and we extend over S3 by letting d(x) = d, for xE S3 - T,, . 
Applying Lemma 4.1, we obtain a flow on S4 with Z an isolated a.p. 
minimal set. 
To obtain higher dimensional examples is fairly straightforward. Fix an 
integer K > 1 and choose Kirrational numbers 01~ ,..., ollc such that 1, a1 ,..., 01~ 
are linearly independent over 2. Define a flow {gt} on T,, x S x ... x S1 
(k copies of S1) by g,(x, z, ,..., x& = (ft(x), q(t),..., I) where zq(t) =
exp(&t). Using the definition of the canonical f ow on Z given in terms of 
inverse limits and the theorem in number theory referred toin Section 3
[3, p. 3821 one can easily check that he (K + I)-solenoid .Z x S1 x ... x S 
is an a.p. minimal set. Choose any convenient embedding of T,, x S1 x ..* x S 
into Sk+3 and extend the corresponding flow over all of Sk+3. So far then we 
have a flow on Sk+3 having a(K + I)-dimensional a.p. minimal set which is 
not a torus; of course, this et will not be isolated, indeed the invariant 
characteristic fun tion d defined earlier for the flow {ft} and CC T,, can be 
used to obtain such a function for 2 x S x ... x S C Sk+3 which we will 
also denote d. Then Lemma 4.1 applies and we conclude that there is a flow 
on Sk+4 having an isolated (K + I)-dimensional a.p.minimal set which is not 
a torus. 
Whether these xamples can be made smooth we do not know. The two 
main problems eem to be getting Z (or some nontrivial l-solenoid) as an a.p. 
minimal set of a smooth flow on S3 and finding smooth invariant characteristic 
functions. 
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